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1. IXTRODUCTION 
Let iM = (mij) be a real symmetric matrix of order n. M is said to 
be copositive if x 3 0 implies (Mx, x) > 0. This concept was first in- 
troduced by Motzkin [7]. (A survey of some of this work is contained 
in [5], and references to uses of the concept in mathematical programming 
are given in [3]). 
In this note, we establish two new properties of copositive matrices: 
(a) The set of copositive matrices is a closed convex cone in the 
space of symmetric matrices, and we offer a contribution to the unsolved 
problem of describing all extreme rays of this cone (see ~1:. [2], [4], 
[S] for background). Let M be a symmetric matrix in which rnii = 1, 
rnij = & 1 (we tacitly assume at least one lnii = - 1). Define G(M) 
to be the graph on n vertices in which i and i are adjacent vertices if 
and only if mij = - 1. Using a theorem of [8], we shall be able to sa5 
when A4 is respectively copositive, positive semidefinite, copositive, and 
on an extreme copositive ray in terms of properties of G(M) (Theorem 3.1). 
For n < 7, these results were given in [Z]. 
(b) Let A be a symmetric matrix. We sav that A has the Perron 
property if its spectral radius p(A) is an eigenvalue, and we shall prove 
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that every copositive matrix has the Perron property. Actually, we 
prove a slightly more general result (Theorem 4.1). Define the polar C* 
of a cone C to be the set of all x such that (x, y) >, 0 for all y E C. C is 
said to be self-polar if C = C*. A is said to be copositive with respect 
to a cone C if (Ax, x) > 0 for all x E C. We shall show that A has the 
Perron property if and only if it is copositive with respect to some self- 
polar cone C. 
2. PRELIMINARIES 
If G is an undirected graph, without multiple edges or loops, on n 
vertices, we define A(G), the adjacency matrix of G, to be the real sym- 
metric matrix of O’s and l’s in which aij = 1 if and only if i and i are 
adjacent vertices. Thus, if M is a matrix of l’s and - l’s as in Section 1, 
M = J - ZA(G(M)), (2.1) 
where J is the matrix every entry of which is 1. If G and H are graphs, 
G C H means every vertex of G is a vertex of H, every edge of G is an 
edge of H, and every edge of H joining vertices of G is an edge of G. The 
symbol K, (the complete graph of order n) denotes a graph on n vertices, 
every pair of which are adjacent. The symbol K,,, (the complete bipartite 
graph on (m, s) vertices) denotes a graph on M + a vertices in which 
the vertices are partitioned into subsets of pn and n vertices, no two 
vertices in the same subset are adjacent, and each pair of vertices of 
different sets are adjacent. A graph is said to be of diameter 2 if there 
are two nonadjacent vertices, and whenever i and j are nonadjacent 
vertices there is a vertex k adjacent to both. 
A vector x is said to be on an extreme ray of a cone C if x = y + z, 
x, y, z E C implies y is a nonnegative multiple of x. If A is a real symmetric 
matrix and A is positive semidefinite, then 
(Ax, X) = 0 implies Ax = 0. (2.2) 
From [S], we have the result : 
max 
r>o,zxj=l 
(A(G) x, x) = ‘q, 
where K, C G, K,+, a G. 
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3. THEOREM 3.1 
Let M = (mij) be a real symmetric matrix for which each mij = 
each m,, = 1. Then 
M is copositive if and only if G(M) contains 
no triangles ; 
M is copositive and on an extreme copositive 
‘a_y if and only if G(M) has no triangles and is 
of diameter 2. 
M is positive semidefinite if and only if G(M) 
is KB,n_p foY some 0 < p < n. In this case, 
M is then also copositive and on an extreme 
yay 
Proof of (3.1). Suppose G(M) contains a triangle (ii, i,, ia). 
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Let 
xi, = x,~ = xi, = 1, all other xj = 0. Then x = (xi, . . .,x,) satisfies 
(Mx, x) = - 3, so M is not copositive. Suppose G(M) contains no 
triangle. From (2.1), we have 
(Mx, x) = (Jx, x) - 2(A(G(M))x, x). (3.4) 
Clearly, it is sufficient to prove (Mx, x) 3 0 for x > 0, 2 xj = 1. But, 
for such an x, (Jx, X) = 1. From (3.4), it follows that all we need show 
is (A(G(M))x, x) < 4. But, since G(M) has no triangles, this follows from 
(2.3). 
Proof of (3.2). We assume G(M) has no triangles. Suppose G(M) 
is not of diameter 2; then there exist vertices i, and i,, not adjacent 
in G(M), such that, if the edge joining them were added to G(M), the 
new graph would still have no triangles. Let B be the matrix in which 
b&,.i: = IA& = + 1, all other bij = 0. Then 
M=(M-2B)+2B. 
Since G(M - 2B) has no triangles, it is copositive by (3.1). Since 2B 
has nonnegative entries, it is certainly copositive. Thus M is not on an 
extreme rav. 
Linear Algebra and Its Applications 2(1969), 387-392 
390 E. HAYNSWORTH AND-A. J. HOFFMAN 
Conversely, suppose G(M) is of diameter 2, 
M=N+Q, (3.5) 
N and Q copositive. Let n,, = x > 0. We first show that, if nii = x and 
i and i are adjacent, then njj = x, nij = nji = - x. This follows at 
once from the fact that the 2 x 2 principal submatrix 
(-: -3 
of M is on an extreme copositive ray in case n = 2. Hence, from (3.5), 
if nii = x, the rest follows. Since we have assumed nil = x and the 
graph is connected, we deduce that nii = x for all i and nij = - x for 
all i, i such that mij = - 1. Suppose now mij = + 1. Since G(M) has 
diameter 2, there exists a vertex k adjacent to both i and i in G(M). 
Since the 3 x 3 submatrix 
i -1 l-l 1 -1 1   
of M is on an extreme copositive ray in case n = 3 [2], it follows from 
(3.5) and from the fact that nii = x that the corresponding entries in 
N are 
Thus N = xM, which was to be proven 
Proof of (3.3). Suppose M is positive semidefinite. Let i, and i, 
be adjacent vertices of G(M), and let x = (xi, . . . , x,) be defined by 
xi, = xi, = 1, all other xj = 0. Then (Mx, x) = 0. From (2.2), Mx = 0; 
hence every other vertex of G(M) is adjacent to exactly one of the two 
vertices i,, ii. Let Sj = (~1% is adjacent to if}, j = 0, 1. If x E S,, y E S,, 
then, since x is not adjacent to i,, and y and i, are adjacent, it follows 
that x is adjacent to y. Thus G(M) is the complete bipartite graph cor- 
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responding to the partition i, U S,, i, U S, of the vertices of G(M). Con- 
versely, if G(M) = Kp,n_p, it is clear that M is positive semidefinite of 
rank 1, and on an extreme copositive ray according to [61. 
4. THEOREibl 4.1 
A symmetric matrix A is co;hositive with respect to a self-polar cone 
C if, and only if, A has the Perron Property. 
LEMMA. A closed convex cone C contains its polar C* if and only if 
for each vector x E R” there exist vectors y and z such that 
X=l’-Z 
d J y,zEC, (y, z) = 0. (4.1) 
Proof. We do not know of any specific reference for this lemma, 
and we are indebted to Philip Wolfe both for the proof and for the informa- 
tion that it is probably part of the mathematical programming folklore. 
Let y be the vector in C U - C closest (in the Euclidean norm) to 
x. If y = x or 0, we are finished, so assume otherwise. Assume y E C (if 
y E - C, replace C by - C, since A is copositive with respect to - C). 
Let ze,fzC, O<t<l. Then /1x - yl12 < lix - ((1 - t)y + tzui12 = 
/I(% -y) + t(y - v)112 = 11% - yl12 + t2!ly - wii2 + 2t(x - y, y - w). It 
follows that (X - y, y - W) > 0 for all ze, E C. Let rep = cry, CI > 0. Then 
(X - y, y - W) = (1 - X)(X - y, y) 2 0. Since this holds for x < 1 and 
tc > 1, it follows that (X - y, y) = 0. And it follows from (x ~ y, y - W) 3 0 
that (x - y, ZJ) < 0. Therefore, z = y - x E C* C C, so (4.1) holds. 
Conversely, assume that C* Q C. Then there exists a vector x E C* 
such that x 4 C. Write x = y - z with the stipulations of (4.1). Since 
x $ C, z # 0. Then 
0 < (z, x) = (z, y - z) = - (z, z) < 0, 
a contradiction. 
ToproveTheorem4.1, assume 1 < 0, - il = p(A). Ax = Lx, 11x/i = 1. 
By the lemma, (4.1) holds. Let 2 = y + z. Then l/RI1 = 1. Now, 
(Ax, x) + (Ai, a) = 2(Ay, y) + 2(Az, z) > 0, (4.2) 
since A is copositive with respect to C. Let p be the maximum eigenvalue 
of A. ,4s is well known, (Aw, VI) <p if lizI/ = 1. But, from (4.2), we 
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have p 3 (A32, 2) > - (Ax, x) = - )3 = p(A) 3 9. Hence, p = p(A); 
i.e., A has the Perron property. 
Conversely, assume A has the Perron property, p = p(A). Let 
x1, . . , xn be orthonomal eigenvectors of A, with A x1 = $x1, let X be 
the square matrix of order n whose jth row is xi, let C be the cone of all 
vectors y = (yl, . . , yn) such that (XY)~ 3 ( cyz2 (XY)~~)~/~. Clearly, 
C = C* (note X is orthogonal), and A is copositive with respect to C. 
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